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ON THE METHODOLOGY OF TEACHING INEQUALITIES
AND THEIR PROOF BY DIFFERENT METHODS

One of the fundamental concepts in a school mathematic course is inequality. Inequalities are also widely used in
other areas of mathematics. Finding the domain, the set of values, increasing (decreasing) intervals of the function,
solving some equations, proof issues and other cases are indicators of the solution of inequalities. All this suggests
that it is important to teach the concept of inequality in the school mathematics. However, to prove some problems
related to inequalities (linear, quadratic, an equation that an unknown includes into modulus sign, fractional rational,
irrational, top, logarithmic, trigonometric and system inequalities) by different methods encourages to study the theory
of inequalities in depth. Therefore, solving problems related to the proof of inequalities not only helps the deeper and
more conscious understanding of the theoretical material, but also teaches students the application of this material in the
study of other concepts. In the development of students' logical judgment, besides studies related to solve the inequalities
by graphing or interval notation, the solution of other studies on proof is also of great importance. In general, each
proof issue should serve a specific purpose as well as a general purpose and it is an important requirement for the proof
of inequalities in mathematics. In order to simplify the proof of inequalities, it is suggested to solve various inequalities
by the same method in the article. The basis of this method is solving equations and finding the value of an expression
with a variable. One of the advantages of the proposed method is that there is no need to learn multiple rules for solving
inequalities, and any arbitrary inequalities are also proved by the same algorithm. On the other hand, concepts playing
an important role in school mathematics education such as arithmetic and geometric mean theorems, Cauchy's inequality,
proof using the mathematical induction method, different ways of proving inequalities by creating the difference between
the sides of inequalities have been widely interpreted.
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3 METOAUKA HABUYAHHS HEPIBHOCTEN
TA IX JOBEJEHHS PI3BHUMU METOJAMM

O0onum 13 PYHOAMEHMANLHUX NOHSIMb WIKIIbHO20 KYPCY Mamemamuxku € Hepienicmo. Hepienocmi maxooc wiupo-
KO BUKOPUCMOBYIOMbCA 8 THWUX obnacmsax mamemamuku. Tlokasnuxamu po3e sa3y6aHHs HEPIGHOCEU € 3HAXOONCCHHS
obnacmi 6U3HAYEHHsl, MHOJICUHU 3HAYEHb, [HMEPBAi6 3pOCMAHHs (ChadanHs) QyHKYIl, po36 'a3y68aHHs 0esaKUX PIGHsHDb,
3a0a4 Ha 008e0eHHs ma iHwi unaoku. Yce ye 2060pums npo me, Wo BaAHNCIUBO SUKIAOAMU KOHYENYII0 HepisHOCI 8
wiKinoHill mamemamuyi. OOHAK 008e0eHHs 0esaKUX 3a0ay, N08 A3AHUX 3 HePIBHOCMAMU (IHIUHUX, K8AOPAMHUX, DIGHSAHD,
Wo HegiooMe 8KIIOUAE 3HAK MOOVIIA, OPOOOBUX PAYIOHATILHUX, IPPAYIOHATLHUX, 8EPUIUHHUX, J02APUDMIUHUX, MPULOHO-
MEMPUYUHUX | CUCIEMHUX HEPIGHOCMell) DIZHUMU MEMOOaMu CNOHYKAE 00 NO2NUONIEH020 BUBYEHHS Meopii HepigHoCmel.
Tomy po36’sizyeannsi 3a0a4, o6 sI3aHUX i3 006E0EHHAM HEPIGHOCMEN, CNPUE He MINbKU IUOUOMY U YC8IOOMAEHOMY
3ACB0EHHI0 MEOPEMUUHO20 MAMEPIANY, a U 8YUMb YYHIE 3ACMOCO8Y8amu Yell Mamepiail npu GUEYEHHI IHUUX NOHAMDb.
YV pozeumky nociunozo cyoxcenns yunis, Kpim 3a60anb, N08 SI3AHUX I3 PO38 A3VBAHHAM HEePIGHOCMEN 3d 00NOMO200 2pa-
Qikie abo inmepsanbHUX 3aNuUCi8, 8eluKe 3HAYEHH MAE PO36 A3Y8AHHS THUWUX 3A80aHb HA 008E0eHHs. 3a2anom, KOXHCHe
3aB80aHHS 3 008EOCHHAM MAE CAYICUMU NEBHIU Memi, d MAKONC 3A2ANbHIl Memi, 1 Yye € 8adCIUBOI0 BUMO20I0 051 008e-
Oennsi nHepienocmel y mamemamuyi. /[ns cnpoujennst 008edeHHs HepiGHOCmell Y CIAmmi RPONOHYEMbCSL PO36 'A3y6amu
PI3HI HepIGHOCMI OOHUM I MUM Jice Memooom. B ocnoei yboeo memody nescums po3e ’sa3y6anHs PIGHAHb | 3HAXOOINCEHHS.
3HauenHs supasy 3i sminnoo. OOHIE 3 nepesaz 3anponoHO8AHO20 Memoody € me, Wo 015 PO38 A3YEAHHA HEPIBHOCMeEll He
nompibHo ugyamu KiibKa npagu, a 0y0b-aKi 008LIbHI HePIBHOCHE MAKONHC 00800AMbCS 34 OOHUM ANOPUMMOM. 3 THUO020
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OOKY, NOHAMMSL, AKI 8I0IZPAIOMb 8ANCIUBY POIb Y WKLTbHIU MAMEMAMUYHIN 0C8IMI, MAKi KK meopemu npo apu@memuyne

ma cepeone ceomempuune, Hepienicmov Kowii, 0o6edents 3a 00nomocor memooy mamemamudrol iHOyKyii, pizHi cnocobu

008e0eHHs HepiBHOCHel ULTIAXOM CINBOPEHHS. PISHUYI MIJC CTMOPOHAMU HepiBHOCTel, OMPUMATY WUPOKe MIYMAYEHHSL.
Kniouogi cnosa: nepisnicmo, pignicmo, cnocio, uucio, 008edenis, cepeone apupdmemuune, cepeoHe ceomempuine,

iHOYKYiA.

Introduction. The place and role of the inequal-
ity in school mathematics course is very crucial. This
concept is taught from the lower grades and takes a
complex form in the upper grades. From this point
of view, the place and role of the concept of inequal-
ity in the subject curriculum is clearly defined. One
of the main goals is to introduce and consciously
educate the scientific and technical achievements of
the XXI century to the young generation taking into
account the current development trends in the world
and Azerbaijan. In order to do this successfully, it is
necessary to develop creative and logical thinking
based on the rules of didactics of students during the
teaching process of mathematics.

The concept of inequality taught in school math-
ematics is a part of sub-standards of teaching math-
ematics as a whole, and occupies an important place
in solving problems such as transformation of equa-
tions, functions, mathematical equations, mathemati-
cal expressions. Therefore, the main requirement for
teaching the inequality is to determine the method
of comprehending based on the internal idea in terms
of deep understanding of other concepts in teaching
mathematics.

A number of research works have been conducted
by experts on teaching inequality in mathematics.
Some of them are aimed at the development of general
intellectual levels of students, while others are scien-
tifically researched. Quite a few scientific and meth-
odological works of foreign and local experts have
been published on teaching the concept of inequality.
We can mention the following researchers and math-
ematicians regarding the proof of some important
inequalities: Adigezalov A.S. (Adigozolov, 2012),
Mammadov A.H, Sukurov R.Y. (Mommodov,
Siikiirov, 2011), Yaqubov M. (Yaqubov, 2010),
Enderton P.N. (Enderton, 2016), Wen yao Xiong
(Wen yao Xiong, 2016), Shahbazov A., Nasirov N.B.,
Rzayev M.T., Aliyeva T.M. and others.

It is known from the conducted researchs, meth-
odological literatures and textbooks that it is very
difficult to teach students the properties of numerical
inequalities, ways of proving important inequalities
without using the research method and to achieve
high results in this direction.

Thus, it is clear from the above mentioned that the
problem investigated in this article attracts attention
with its topicality.
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Currency rate. By teaching the concept of ine-
quality in school mathematics, the formation of the
student's personality is achieved, and this process can
be associated with the following:

The inequality is one of the important concepts in
mathematics, and it is possible to realize intra-disci-
plinary relations through this concept;

* During the teaching of mathematics, the proof
of important properties and theorems related to
inequalities is an significant tool to the development
of logical thinking for students;

* The proof of simple or complex inequalities
plays a crucial role in the formation of students'
cognitive activity;

» Solving important inequalities is closely related
to intra- and interdisciplinary relationships.;

* Vital components of the inequality are applied
in every field of practical activity.;

* In the teaching of other concepts in mathematics,
the inequality is considered as one of the main com-
ponents.

Comprehensive training of students in school
mathematics is directly related to the role of future
specialists. On the other hand, the methods applied in
the training process and the establishment of a new
methodical system have also contributions in this
direction (Solving inequalities).

Goal and tasks. The development of a new
methodical system based on examples of broaden the
horizons of scientific outlook and creativity of stu-
dents through the proof of theorems related to ine-
qualities in mathematics is the main goal of the article.

Tasks:

1) To investigate scientifically and methodically
the application of theorems and proofs related to ine-
qualities in mathematics teaching, to practical studies.

2) To identify the research abilities of students
using the proof of the Cauchy-Bunyakovsky inequal-
ity during the application of practical studies.

Methods — in the article, the following methods
were used from the point of view of improving the
quality of the educational process.

— application of ICT and modern learning tech-
nologies in the proof of some important inequalities.

— to show ways of solving examples of proving
inequalities in order to develop logical thinking ability
of students by using group, pair, individual or collec-
tive work methods and appropriate training forms.
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Main part.

Concepts as “Greatness” and “smallness”
belonging to the true values of quantities.

“Greatness” and "smallness” are concepts related to
the true values of quantities and are applied to many
areas of modern mathematics. The concept of inequal-
ity is deeply embedded in school mathematics and is
gradually developed in all classes of secondary school
starting from the first grade. This topic is given enough
space in the new subject curriculum (Yaqubov, 2010).

Inequalities is a broader concept than equality,
teaching it in school helps students develop logical
thinking. It is clear that one of the following three
relations is true between two real numbers a and b:

Doa>b;2)a<b;3)a=b

According to the definition of inequality, the dif-
ference a — b must be a>b if the result is a positive
number, and a < b if it is a negative number.

It is clear from the definition that the inequalities
a>band a — b > 0 are equally strong.

If one of them is true, the other is also true, and
vice versa, if one is not true, the other is not true. The
same words can be said for expressions a < b and

— b < 0. The properties of the inequality are proved
based on the expressions a —b >0 and a — b <0.

It is known that the solution of inequalities with
one or more literal quantities is in one of the following
cases:

1) Solving inequalities means finding values of a
literal quantity (or quantities) such that the inequality
is true.

For example

when solving the inequality

logs log )1— = {) we first convert the given ine-
quality into the form lugz—‘:} 1, then the form
bx
dx—8
get ﬁ = {) and from here, we get x>2, (Elementary
X =

Mathematics, 2015).

Thus, the given inequality is true in the set of values
of x greater than 2 (Elementary Mathematics, 2015).

2) Prove that the inequality is true for all specified
values of the quantities involved.

For example: while proving the inequality
@+ b+ 2> ab + ac + bc at arbitrary true values
of a, b and ¢, firstly we note the expressions a* + h>>
2ab, b* + 2> 2bc, ¢*+ @*>> 2ca from (a — b)*> > 0,
(b — ¢)*> 0 va(b — a)*> 0 inequities that is clear for
us, then, based on the known property, we add them
side by side and divide all terms of the result by 2.
Thus, we get the inequality a®> + b*+ ¢*>> ab + ac + be
required proof.

There is a certain algorithm to solve the unknown
inequality. However, there is no general method for

= 2, then we differentiate between the sides and
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proving inequalities. Each inequality has special
methods of proof depending on the given condition
and its requirement (Elementary Mathematics, 2015).

We aim to show some of those methods in this
article.

Proof of inequalities based on the theorem
on arithmetic and geometric mean.

a) First, we write Cauchy's inequality about

ay+az+az+ ot ag = Yayazag .o a, (1)

the arithmetic and geometric mean value for an
example solution, then we carry out appropriate trans-
formations on that expression and get the required
result.

Example 1. Prove that the following relation is
true in a triangle.

abcz(a+b-c)(a+tc—b)(b+c—a)
Proof. Write the inequalities about the arithmetic

and geometric mean:

?:}vcaT}w"ahwm (b—c)?>0;

(c—a)’ =0 (a—b)y*=0
Now, show these inequalities as follows.
a>a*— (b—-c); b*>b*— (c—a)*; *>c*— (a—b).

If we multiply these expressions side by side and

perform the following transformations on the right side:
ab’*>(a@+b-c)(a-b+tc)y(btc—a)=
(atb-cY(@a+c-byl(b+c—a)

Here, we getabc>(a+b—c)(a—b+c) (b+c—a).

In some cases, first, we perform certain trans-
formations on the given inequality, then we use the
propositions about arithmetic and geometric values
and prove the correctness of the required inequality.

Example 2. Prove that the following relation is
true for a rectangle.

a*+ b*>2S8

(a and b are adjacent sides of a rectangle and S is
its area).

Proof. If we apply Cauchy's inequality to the sides
of the rectangle:

@+ b+ a*+ b > 4Va?

~bh?-a?- bt =4ab
Here we get a*+ b*>2S.
Ifthe rectangle is a square, the equation is obtained.
Example 3. If the perimeter of a quadrilateral with
sides a, b, ¢, d is 2 units, prove the truth of the follo-
wing relation.
(2 -a)2-b)2 - c)2—d)>16(a+ b)(c + d) Vabed
Proof. According to condition mentioned above
at+b+c+d=2.
Here we get:
2—a=b+ct+d=(c+d)+b
2-b=ctd+a=(c+d+a
2—-c=b+d+a=(a+b)+d
2—-d=a+b+tc=(@+b)+c
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Apply the Cauchy inequalities about the arithme-
tic and geometric mean of two numbers to each of
these expressions.

2—a=2(c+d)-b; 2-bh=2J(c+d) a;

2—cz2dfla+b)-d;2—d=2(at+b) c.

If we multiply the obtained inequalities side by side.

We get the result (2 —a)(2 —b)2 - )2 -d)> 16
(a + b)(c + d)vabed.

Example 4. Prove the inequality:

a4+ 4

=2

va®+ 3
Proof. Write the left side of the expression like

this

va<+3 + = and apply the inequality

Lty
Ti"ux}rtothat vat +*+1,Ei_3‘“'”f" +3

\a at+3
+34+1

=2
Yad+3

OI'

a‘+d

Here, we get = 7.

=2

Proof of 1nequallt1es by differentiating between
the sides. To prove inequalities in this way, we first
differentiate between the sides. For this reason, we
transfer the right side to the left side, then perform
transformations on the received expression and
bring it to a simple form, and make a judgment on
this last expression and determine that it is greater
than and less than zero (Solving linear inequalities).
As a result of this, we define whether the inequality
requiring to be proved is true or not.

We will explain what we are saying with the fol-
lowing examples.

Example 1. If a >0 vo b > 0, prove the inequality
@+ b*>a*h + ab’.

Proof. First, transfer the right side to the left side
and perform transformations on the obtained differ-
ence.

@ +b—a’h—ab*>>0
a*(a—b)—b*(a—b) >0
(a—b)(@*—bv) >0
(a—b)*(a+b)>0

It is obvious from the last inequality that the first
term is not less than zero. The second one is always
greater than zero within the given condition (a > 0;
b > 0). Therefore, their product is not less than zero.

Thus the truth of last inequality shows that o +
b*>av b+ab? is true.

Example 2. Prove the following inequality for
an arbitrary cone with volume V and lateral surface

area S.
) =)

Proof. If we denote the radius and the slant height
of the seat of the cone by R and 1 respectively, its
height is v — iZ, then the volume and surface of the
cone respectively are V = =xR*VIZ — R? Vo § = nRl.

ISSN 2308-4855 (Print), ISSN 2308-4863 (Online)

...............................................................................

If we write these values found in the ine-
quality required to be proved, then divide both
sides of it by 4R*P and perform the following
transformations on the obtained expression:

(i
ETES
— B3I

4R
Vi)

RS =

R I—R“ R 2
<t orf Lo
(+3) LI S %}
Now create the difference between the limits of

the last inequality as follows:
. .
@ -(@ -G53
R 1 m* R 11 RO
G- +T53)]- G50

F-BE +Fxa1e

Write the inequality as follows and perform the
indicated transformations on it:

(R 1)(3)?En 1 2'~»u
ETAAY 1 v3 3|7

(R 1)(3]? R 1}& 2 2_%:
I 3/|\M 1 V3 1 3 3|7

y v
(R 1)|R(R l)l Z{R 1.
I 3/l V3, A3 43

2

Here, we get (_ - —J ( = =10

From this it is obvious that the first factor is always
positive. And in the second factor, since = .-:.: 1 it is
also always positive.

Thus, the inequality is proved to be true.

Example 3. If ab > 0 @ — b* > (a — b)* prove the
truth of inequality.

Proof. Firstly, make the following difference
between the terms of the inequality, and then perform
the indicated transformations on it. It is obvious that, it
is enough to prove the inequality (a> — b*)*—a —b)*>0
is sufficient instead of the required inequality.

[(@ - %) —(a-D)'|[(@* - by +(a- b)Y ]=
=(a*-b*—a®+2ab—b?*) x (a®>— b*+ a*—2ab +
+ b%) = (2ab — 2b*)(2a* — 2ab) = 4ab(a — b)

X (a—b)=4ab(a - b)*.

So, we get ab (a — b)* >0. According to condition,
the first factor is ab > 0. Second factor is always pos-
itive. If @ = b, result is zero.

Thus, we get (a®> — b*?*>(a - b)’.

Example 4. Ifa>b>corc>a>borb>c>a,
prove that a?b + b*c + c*a > a’c + ¢*b + b* a is true.

Proof. First, transfer the right side of the inequality
required to be proved to the left and perform the
indicated transformations on it. It is obvious that,
it is enough to prove the inequality a’h + b*c +
c’a — a’c — ¢*b — b*a > 0 is sufficient instead of the
required inequality.

Here, it can be
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a’b + b’c + ’a — a’c — ¢*b — b*a = abc — b*a — a’c +
+ a*b — c*b + b’c + Pa—abc = a(bc — b* — ac + ab) —
—c(ab—b*—ac + ab) = a[b(c — b) — a(c — b)] —
—cl(b(c —b)—a(c—b)] =al(c—b)b—a)—c(c—b)
b-a)y=(c-b)(b-a)a—c)>0

HhIfa>b>c, ¢c—b<0;b-a<0is true;
a—c>0,and (c—b)(b—a)a—c)>0is also true.

Dlfc>a>b,c—a>0;b-a<0; a-—c<0
is true, and (¢ — b)(b — a)(a — ¢) > 0 is also true.

HIEb>c>a,¢c—b<0;b—-a>0is true;
a—c<0,(c—b)b-a)a—c)>0isalso true.

Note. Ifa<b<corc<a<borb<c<a,it
can be proved by the rule above mentioned that a’h +
b’c + cta < a*c + ¢*b + b? a is true.

Proof of inequality by comparing its numbers with
other ones. In order to prove the inequality, first, each
number in the inequality is compared with the same
or other numbers. Then transformations performed on
the expressions obtained as a result of the comparison
according to the given example.

Example 1. Prove the following inequality when n
is a positive integer:

1 1 1 1
ntl nrz T2
Proof. Compare each number of the given

inequality to the zi:
Zn

1 1 o 1 1 . 1 1
In-1"2n "'m¥2 2n' n+l 2n
if we sum each number of this inequality side by
side:
We get —— 4 —— 4 ...
n+1 n+d

1

— e

1 1
| o— —
£ g £n g

= —

_i#l+l4-#l  on 1

2n in 2z
Example 2. Prove the truth of following
inequality:
1 35 97 99 - 1
798 100 10

Proof: Compare each term in the left side with the
numbers that are greater than it:

1 2
2°3
3 4
i°5
5 6
6°7
97 98
98 =99
99 100
100 " 101
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If we multiply the inequalities side by side:
If_l.E.E. L2 .
Z 4 6

=L .l theresultis
a7 99 101 - 101

- ) 2
1 3 ! ar 99 1

(_-_-inu_n_._) o~ —
Z 4 B 98 100 100

Wil

&7 9B 100

Example 3. Prove the following inequalities:

1 1 1 —
IIT_l—i"'I::PZ\lﬂIl Zz.
V23 Vn

Proof. Ifyn+ 1 =+yn =
is \Lﬁ > 2vn +1— 24

Compare each number in the left side of the given
inequality according to the last expression as follows:

1

1
— < —= the result
Ya+l+dn 24mn

1>242-2
1 - -
— =23 - 22
\Z
1>2~.@ 23
V3

1 _
[} —_ -
Nt =2n=2vn-=1

1 —
—=2Mn+1-2yn
W

If we sum the inequalities side by side: the result is
1+m+—+t=>2/nF1-2,
Vi w3 Vi

Example 4. Prove that the following inequality is
true when # is an arbitrary number.

1 1 1 1 n—1
FimteEtota<T

Proof. Write the following inequalities known to

be true: 1 . 1 _1 1
22 1.2 1 2
1_1 1.1
32 72-3 2 3
1 1 1 1

— { — —_——
n? (n=1Yyn n-1 n
Sum them side by side:

1+1+1+ +1_] 1_?!—1
22 32 42 n® nn

1 1 1 1 n—1

SO,Weget 2—?-'-3—?—'-47-{-".--].-—2_ - .

Proof of inequalities using the method of
mathematical induction

Inequalities related to natural numbers are mainly
proved by this method.

Misal 1. Prove the truth of the following inequality
when #n is an arbitrary natural number greater than
unity.
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R SR SN
Vi vz V3 /n

= \."H.
. . . 1 1
Proof. 1) If n + 2, by indicating A5 V2,
the result can be X222 ‘/—H >V2orv2+1>2.
Now, assume that inequality is true if n + £.

1 1 1
—f =t =

Y1 Vi LE]

1
+:} ‘\.-'T.
vk

Prove that, same inequality is true whenn + £+ 1.

So _+ + _}\r

Perform the followmg transformatlons on the rlght
side of the last expression.

xﬂT+ 1 _ JRike)+1  WEFLR{E+1)+1) _

JE+1 vEFT 41

= VR Tk
k1

According to condition £ > 1. So, it should be
JE(k + 1) > k.

So the last expression is greater than vk + 1. Thus,
the truth of the inequality for n + k + 1 is revealed.

Example 2. If n > 2, 2! - 41-...-2n)! > [(n + 1)!]"
prove the truth of inequality.

Proof. if n + 2 the inequality becomes:
214130 or1-2-1-2-3-4>(1-2-3)%
So, the inequality is true, when n + 2.

Assume that, the inequality is true, whenn + k— 1.
So

48 > 36

2041 k=2)! > [(kDH]*-D (1)
Now, prove that the inequality is true, if n + k.
If we multiply each side of inequality 2! - 4!-...-(2k)! >

...............................................................................

[(k+ D!T* (1) by (2k)!, we get: 2! - 4! -,
(2k)! > (2k)![(k)1]*-D — 28 1G]

k!
After dividing, we get the following inequality

(2k —2)! -

2! cQRE=-2)! /) > 2k - 2k—1) -.
(k+ DI(R)!]*
On the other hand, we know,
Qk)-Qk—1)-...- (k+ 1) [2K)!]F>

(ke + 1y (kD + [(k + 1

We get from last two inequlities,

21 F(2k=2)! - 2R > [(k+ DI

So we estabhshed that the inequality is true
when n + 2, then we showed that the inequality is
also true when we go from n + k — 1 to n + k. Based
on the principle of mathematical induction, we get
that the inequality is true for arbitrary values of n not
smaller than 2.

Conclusion. How the concept of equality is per-
ceived by students should not be limited to the teach-
ing of the topics provided in the program, and knowl-
edge, skills and habits should be formed in students
through materials collected from various literatures.
Therefore, proving the theorems related to inequali-
ties with different methods develops thinking activity
of students. Therefore, the selection and application
of special methods related to inequalities is of great
importance. Mathematical properties of equations
and inequalities taught in school mathematics are
designed in such a way that the logical thinking of
students develops by the mentioned concepts. Fac-
tors such as analysis, synthesis, generalization, and
abstraction are evident when students solve tasks
related to the proof of inequalities.
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